In a recent lattice investigation of Ginsparg-Wilson-type Dirac operators in the Schwinger model, it was found that the symmetry class of the random matrix theory describing the small Dirac eigenvalues appeared to change from the unitary to the symplectic case as a function of lattice size and coupling constant. We present a natural explanation for this observation in the framework of a random matrix model, showing that the apparent change is caused by the onset of chiral symmetry restoration in a finite volume. A transition from unitary to symplectic symmetry does not occur.
I. INTRODUCTION
In the past two years, Dirac operators D satisfying the Ginsparg-Wilson ͑GW͒ condition ͓1͔ where it is important that the thermodynamic limit is taken first. Our main concern in the present work are the somewhat puzzling observations made in Ref. ͓2͔ where the spectral properties of D were compared to predictions of chiral random matrix theory ͑RMT͒ ͓6͔. RMT is a simple model which yields exact analytical results for the spectral correlations of the Dirac operator on the scale of the mean level spacing. Because of the chiral structure of the problem, one has to distinguish two regions in the spectrum, ͑i͒ the bulk and ͑ii͒ the eigenvalues in the vicinity of zero ͑the latter is called the microscopic region or the hard edge of the spectrum͒. The analytical predictions of RMT are different in these two regions. Furthermore, there are three different symmetry classes, the chiral orthogonal ͑chOE͒, unitary ͑chUE͒, and symplectic ͑chSE͒ ensembles ͓7͔.
Let us briefly summarize those findings of Ref. ͓2͔ which are of relevance to the present work. The Schwinger model ͑QED in two dimensions͒ is in the symmetry class of the chUE. For large volumes VϰL 2 /␤ ͓L is the number of lattice sites in each dimension and ␤ϭ1/(ea) 2 is the dimensionless coupling͔, it was found that the bulk as well as the hard edge of the spectrum are nicely described by the chUE predictions. As V decreases, the bulk properties are still given by the chUE whereas at the hard edge, the data suggest a transition to chSE behavior. In Ref. ͓2͔, the sectors of topological charge ϭ0 and ϭ1 were investigated, and the apparent transition was seen in both sectors. These observations are puzzling, since it is not clear where the symplectic symmetry should come from. Also, the spectrum is not doubly degenerate as expected for the chSE. The authors of Ref. ͓2͔ already suggested that their observation might be an artifact of the small physical volume and that the agreement with the chSE may be accidental.
In the framework of RMT, a transition between the two symmetry classes can be described by the simple model
with Dirac operators of the appropriate symmetries and 0р␣р1 interpolating between the two ensembles. However, in such a model the transition from chUE to chSE is expected to occur simultaneously in the bulk and in the microscopic domain. We have confirmed this expectation numerically. Thus, the simple ansatz ͑4͒ cannot explain the findings of Ref. ͓2͔ . This is as it should be, since we do not expect a symplectic symmetry to be present in the first place. For RMT to be applicable at the hard edge, it is necessary that chiral symmetry is spontaneously broken, i.e., we re-quire (0)Ͼ0. ͓Since on the lattice one is always working at finite volume, we mean here the value obtained by extrapolating () many level spacings away from zero to ϭ0.͔ As we shall see, the apparent transition from chUE to chSE symmetry in the microscopic domain is caused by the fact that (0) vanishes as the physical volume decreases. This will be shown in more detail below, using a random matrix model which we construct in the following section. The spectral properties we consider are introduced in Sec. III, our results are presented and discussed in Sec. IV, and conclusions are drawn in Sec. V.
II. THE RANDOM MATRIX MODEL
Our approach closely parallels the construction of the Neuberger operator ͓4͔. The Wilson Dirac operator for the dϭ2 dimensional Schwinger model defined on an LϫL lattice reads
with hopping parameter ϭ1/(2mϩ4) and Pauli matrices i . As in Ref. ͓2͔, we will restrict ourselves to the case mϭϪ1,ϭ1/2. The boundary conditions for the fermions are periodic in space and anti-periodic in Euclidean time. This is taken into account by the function ⌬ x,yϮ which is the usual Kronecker delta ␦ x,yϮ except for the links from x 2 ϭL to x 2 ϭ1 for which there is an extra factor of Ϫ1. The U͑1͒ gauge fields are represented by 2L 2 phases U (x) which obey periodic boundary conditions and fluctuate in the update process. In our model, they are simply replaced by independent uncorrelated random phases exp(i) with drawn at random from the interval ͓Ϫ␦,␦͔. For a single flavor with two spinor indices, M thus becomes a ͑sparse͒ random matrix of dimension 2L 2 . From the matrix W obtained by replacing the gauge fields by random phases we construct the Neuberger operator ͓4͔:
where is the sign function (A)ϵA/ͱAA † . D Ne ͑and hence also W Ne ) satisfies the GW condition ͑1͒ with Rϭ1/2. Its spectrum is located on the unit circle in the complex plane with center at zϭ1. Furthermore, for certain background fields it possesses exact zero modes whose number is related to the topological charge of the background field. In analogy with the definition of D we finally construct the random matrix
This projects the spectrum of W Ne onto the imaginary axis.
In the following, we will investigate the spectrum of the matrix W . There are two parameters in the random matrix model, the linear lattice size L and the width 2␦ of the distribution P()ϭ(␦ϩ)(␦Ϫ)/2␦. The parameter ␦ is restricted to the interval 0р␦р and is a measure of the gauge field disorder. Consider the two limiting cases of no disorder (␦ϭ0, free Dirac operator͒ and maximum disorder (␦ϭ). In the former case, the chiral condensate is zero whereas in the latter case it will be nonzero ͑unless the lattice volume is very small͒. Thus, ␦ plays a similar role as the inverse coupling ␤ used in the lattice gauge simulation. Small values of ␦ qualitatively correspond to large values of ␤ and vice versa. Since the random gauge fields in our model are uncorrelated, we do not have a scaling lattice spacing and therefore no strict relation between ␦ and the physical volume. Nevertheless, varying ␦ in our model ͑at fixed lattice volume͒ leads to very similar effects as varying ␤, and thus the physical volume, in lattice gauge simulations.
We emphasize that the dynamics of the random matrix model is quite different from that of the Schwinger model. As is usually the case in RMT, we use our model only to describe quantities which are independent of the dynamical details. Moreover, in the present case we also study situations where RMT is no longer applicable.
An analytical treatment of the problem is very difficult. Therefore, we performed a numerical study for several combinations of the parameters L and ␦. As we shall see, the random matrix model is able to reproduce and to explain the findings of Ref. ͓2͔.
III. SPECTRAL PROPERTIES
Since our main purpose in this work is to understand the puzzling observations of Ref. ͓2͔, we have investigated the same quantities considered therein. These are the spectral density (), the distribution of the smallest ͑positive͒ eigenvalue P( min ), and the nearest neighbor spacing distribution P(s). The quantity s is the spacing between adjacent eigenvalues in the bulk after the spectrum has been unfolded ͓8͔. P( min ) and P(s) measure the spectral properties at the hard edge and in the bulk of the spectrum, respectively. ͓We will not discuss the microscopic spectral density which was also considered in Ref. ͓2͔ since for the purpose of the present study, P( min ) is sufficient to reveal the properties of the spectrum near ϭ0.͔ The global density () of the random matrix model is not a universal quantity, i.e., it depends on the details of the model and is not expected to agree with real lattice data. However, P( min ) and P(s) are universal for a specific symmetry class, i.e., these functions are insensitive to the details of the dynamics, and the results obtained in RMT should agree with those of lattice simulations ͑unless the conditions are such that RMT is not applicable, see below͒.
The nearest neighbor spacing distribution P(s) in the bulk of the spectrum is expected to agree with the RMT result irrespective of whether or not chiral symmetry is broken ͓9͔. In other words, it is insensitive to the value of (0). P(s) can be unambiguously constructed from the lattice data without any free parameter by unfolding. The RMT results for P(s) are well approximated by the Wigner surmise ͓8͔
/3 6 3 ͒s 4 exp͑Ϫ64s 2 /9 ͒ chSE. ͑8͒
The nearest neighbor spacing s is expressed in units of the mean level spacing in the bulk. Note that P(s) does not depend on or on the number of massless flavors N f . In contrast to P(s), P( min ) is only given by the RMT result if chiral symmetry is broken, i.e., if (0) 0. Also in contrast to P(s), it depends on the number of zero modes and on N f . In the following, we restrict ourselves to the quenched case, N f ϭ0. The energy scale for a comparison between the RMT result and numerical data is set by the mean level spacing at the hard edge, 1/V(0)ϭ/V⌺, which can be determined by Eq. ͑3͒ without resorting to RMT. In terms of the variable zϭV⌺ min , the RMT results for the chUE are given by ͓10͔
where I denotes the modified Bessel function. The RMT results for the chSE are more complicated and can be found in Ref.
͓11͔. The only simple case is ϭ0 for which ͓12͔
P͑z ͒ϭͱ/2z
3/2 e Ϫz 2 /2 I 3/2 ͑ z ͒. ͑10͒
As we shall show in Sec. IV, the apparent change from chUE to chSE symmetry in P( min ) is caused by the fact that (0) ͑i.e., the extrapolated value͒ vanishes in a finite volume for sufficiently weak coupling. An unambiguous and parameter-free comparison of numerical data with RMT results is only possible if (0) and hence ⌺ are nonzero. In the present work, however, we are particularly concerned with the region in the parameter space (L,␦) where ⌺→0. In this case, we are faced with the problem of how to set the energy FIG. 1. Global spectral density () ͑left column͒ and rescaled distribution of the smallest eigenvalue P( min ) of W for Lϭ10 as a function of ␦ for ϭ0,1,2. The solid and dotted curves in the plots for P( min ) are the chUE and chSE predictions, respectively. The quantity r is defined in Eq. ͑11͒. 
͑12͒ ͑3͒
We fit the data for P( min ) to the RMT results of both the chUE and the chSE ͑for fixed ) and apply goodnessof-fit tests ͓13͔. For the determination of the scale, we use the method of maximum likelihood. For the quality of the fit, we use three tests: ͑3a͒ A Smirnov-Cramér-Von Mises test of the unbinned data ͓13͔. This test yields a number NW 2 which for a good fit is smaller than one (N is the number of configurations͒. ͑3b͒ A chi-square test of the binned data using equiprobable bins, with an ''optimal'' number k of bins scaling like N 2/5 ͓13͔. For a good fit, the resulting 2 /(kϪ1) is not much larger than one. ͑3c͒ The probability Q that the chi-square should exceed the value of 2 computed in ͑3b͒ by chance ͓14͔. This is given by Qϭ1Ϫ P͓(kϪ1)/2, 2 /2͔ with the incomplete gamma function P(a,x) ϭ͐ 0 x dt t aϪ1 e Ϫt /⌫(a). If the probability Q is very small, the theory can be statistically rejected.
IV. RESULTS AND DISCUSSION
We have scanned the parameters L and ␦ to reveal the main properties of the spectrum. For each parameter set we generated several thousand random matrices W as described in Sec. II. For each realization the full spectrum was computed, and the configurations were grouped according to their number of zero modes. The quantities we consider were then averaged over realizations of W .
In Fig. 1 , we have fixed the parameter Lϭ10 and varied the parameter ␦. We have plotted the spectral density () in the vicinity of ϭ0 for all combined, and the rescaled distribution of the smallest positive eigenvalue P( min ) for ϭ0,1,2. ͓Note that the zero modes are not included in ().͔ Also given in the figure are the values of the ratio r, see Eq. ͑11͒. The results of the goodness-of-fit tests ͑3a͒-͑3b͒ defined in Sec. III are summarized in Table I . The main message of this paper can be read off immediately from these plots. The largest value of ␦ϭ1.6 represents the strongest disorder, which in the Schwinger model corresponds to the strongest coupling and hence to the largest physical volume. The extrapolated value of (0) is clearly nonzero. Thus, RMT is applicable, and P( min ) agrees very well with the chUE curves for all three values of . The data also pass the other tests proposed in Sec. III: The ratio r agrees well with that of the chUE, see Eq. ͑12͒, and the goodness-of-fit tests, see Table I , show that the chUE describes the data well.
On the other hand, the smallest value of ␦ϭ1.2 corresponds to the weakest disorder, which in the Schwinger model means weakest coupling and smallest physical volume. In this case, the extrapolated value of (0) vanishes, and chiral symmetry is restored. Thus, a comparison with RMT becomes meaningless in the microscopic region. The shape of the distribution P( min ) as well as the ratio r of Eq. ͑11͒ are now different from the RMT predictions. Neither the chUE nor the chSE provide good fits to the data, as can be seen from the goodness-of-fit tests in Table I . For the intermediate case of ␦ϭ1.3, the value of (0) is neither clearly zero nor clearly nonzero. Figure 1 and Table I indicate that already in this case RMT no longer provides a good description of the data. Equivalent conclusions can be drawn from Fig. 2 in which we exhibit similar plots, but now for a fixed value of ␦ϭ ͑corresponding to strongest disorder͒ and L varied from 10 to 4. The goodness-of-fit tests are also shown in Table I . Again, as the volume decreases, the extrapolated value of (0) vanishes, and the agreement between numerical data and RMT breaks down. We also observe from Fig. 2 that RMT ceases to describe the data first for the nonzero values of and then for ϭ0.
A remarkable fact, however, is that there are some combinations of the parameters L and ␦ for which the shape of the distribution P( min ) resembles the chSE prediction. This effect is particularly pronounced for the nonzero values of , which was also found in Ref. ͓2͔ ͑for ϭ1). In our data, this is seen in Fig. 1 for ␦ϭ1 .3, ϭ1,2 and ␦ϭ1.2, ϭ2, respectively, and in Fig. 2 for Lϭ4, ϭ1. ͓Recall that the plots of P( min ) are not fits but are obtained by rescaling such that ͗ min ͘ϭ1.͔ However, neither the ratio r nor the goodness-of-fit tests in Table I indicate that the chSE really provides a quantitative description of the data. The fact that the chSE seems to work better than the chUE should not be taken too seriously since neither of the two ensembles is supposed to be applicable in these cases. The apparent agreement of the shape of the curve with the chSE is, for all we know, purely accidental and should not be interpreted as a transition to symplectic symmetry. We have also constructed P(s) for the same parameter values that were used in Figs. 1 and 2 . Two examples are shown in Fig. 3 . In agreement with the observations of Ref.
͓2͔, we find that P(s) is always described by the chUE prediction, even in those cases where (0) vanishes. This is consistent with the fact that, even in the chirally symmetric phase, the bulk spectral correlations of the Dirac operator are still described by RMT ͓9͔.
V. CONCLUSIONS
Let us summarize the picture which has emerged from the study of the random matrix model. The Dirac operator of the Schwinger model has the symmetries of the chUE, and our model has the same symmetries, the only essential difference being the replacement of the U͑1͒ gauge fields by random phases. The bulk spectral correlations of the Dirac operator, measured by P(s), are described by the chUE result for all values of the parameters, regardless of whether or not (0) is nonzero. This is consistent with the findings of Ref.
͓2͔.
The microscopic spectral correlations, here measured by P( min ), are given by the chUE predictions only for those values of the parameters for which (0)Ͼ0. By changing the parameters one can decrease the physical volume and cause (0) to vanish. The small eigenvalues are then no longer described by RMT. In this case, however, there exist some special values of the parameters for which the shape of the distribution of the smallest eigenvalue resembles that of the chSE. However, other measures such as the ratio r of Eq. ͑11͒ and the various goodness-of-fit tests clearly show that the chSE does not describe the data. Thus, the apparent agreement with the symplectic symmetry case is an artifact of chiral symmetry restoration in a finite volume and should be regarded as accidental.
There is a simple lesson to be learned from our analysis. If one wants to use random matrix methods to analyze data from lattice simulations, one has to make sure that one is working in a regime in which RMT is applicable. For the bulk spectral correlations, this is never really an issue. However, for RMT to describe the small Dirac eigenvalues it is necessary that (0)Ͼ0, i.e., that chiral symmetry is spontaneously broken.
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